Abstract. Let F be a Kähler foliation on a compact Riemannian manifold M. We study the properties of infinitesimal automorphisms on (M, F ), and in particular we concentrate on the transversal conformal field, transversal projective field and transversally holomorphic field.
Introduction
Let (M, F ) be a Riemannian manifold with a Riemannian foliation F of codimension q. A transversal infinitesimal automorphism on M is an infinitesimal automorphism which preserves the leaves. A transversal infinitesimal automorphism is said to be a transversal Killing field, a transversal conformal field or a transversal projective field if it generates a one parameter family of a transversal infinitesimal isometric, a transversal infinitesimal confomal or a transversal infinitesimal projective transformation, respectively. Such geometric objects give some important information about the leaf space M/F . There are several results about infinitesimal automorphisms on Riemannian foliations [5, 6, 7, 9, 10, 11] .
Recently, M. J. Jung and S. D. Jung [5] studied the properties of transversal infinitesimal automorphisms on a compact foliated Riemanian manifold (M, F ).
In this paper, we investigate the properties of transversal infinitesimal automorphisms on Kähler foliations. The paper is organized as follows. In Section 2, we review the basic facts on Riemannian foliations. In Section 3, we review the well-known facts about infinitesimal automorphisms on Riemannian foliations.
In Section 4, we prove that, on Kähler foliations, every transversal conformal (or projective) field is a transversal affine field (Theorem 4.2, Theorem 4.5). In particular, if the transversal scalar curvature is a non-zero constant, every transversal conformal field is a transversal Killing field (Theorem 4.3). In addition, every transversal projective field satisfying some condition is a transversal Killing field (Theorem 4.6). Note that on ordinary manifolds, any affine field is a Killing field, but on Riemannian foliations, a transversal affine field is not necessarily a transversal Killing field [5] . In Section 5, we study transversally holomorphic fields and give a vanishing theorem without making the assumption that all leaves of F are minimal. 
Preliminaries
This means that θ(X)g Q = 0 for X ∈ ΓL, where θ(X) is the transverse Lie derivative. So we have an identification L ⊥ with Q via an isometric splitting
where s ∈ ΓQ and Y s = σ(s) ∈ ΓL ⊥ corresponding to s under the canoni-
can define the transversal Ricci operator ρ ∇ : ΓQ → ΓQ by
where {E a } a=p+1,··· ,n is an orthonormal basic frame of Q. And then the transversal Ricci curvature Ric ∇ is given by Ric
The transversal scalar curvature σ ∇ is given by σ ∇ = Trρ ∇ . The foliation F is said to be (transversally) Einsteinian if the model space is Einsteinian, that is,
with constant transversal scalar curvature σ ∇ . The mean curvature vector κ ♯ of F is defined by 6) where {E i } is a local orthonormal basis of L. The foliation F is said to be
. It is well-known that the mean curvature form κ B is closed, i.e., dκ B = 0, where κ B is the basic part of κ. The basic Laplacian acting on Ω * B (F ) is defined by
where δ B is the formal adjoint of d B = d| Ω * B (F ) [1, 3] . Let {E a }(a = 1, · · · , q) be a local orthonormal basis of Q. We define ∇ *
where
The operator ∇ * tr ∇ tr is positive definite and formally self adjoint on the space of basic forms [3] . We define the bundle map
by
where θ(Y ) is the transverse Lie derivative. Then it is proved [6] that, for any
and is a linear operator. Since θ(X)φ = ∇ X φ for any X ∈ ΓL, A Y preserves the basic forms and depends only onȲ . Then we have the generalized Weitzenböck formula.
Theorem 2.1 [3]
On a Riemannian foliation F , we have
From Theorem 2.1, we have the following. For any
Now, we recall the following generalized maximum principle.
Lemma 2.2 [7]
Let F be a Riemannian foliation on a closed, oriented Rieman-
It is trivial that an element s ofV (F ) satisfies ∇ X s = 0 for all X ∈ ΓL [9] . Hencē
Transversal infinitesimal automorphisms
In this case, we have
where div ∇Ȳ is the transversal divergence ofȲ . A transversal conformal fieldȲ is homothetic if f Y is constant. For any vector fields Y, Z ∈ V (F ) and X ∈ ΓQ, we have [5] (
for any X, Z ∈ ΓQ, where α Y is a basic 1-form on M, thenȲ is called a transversal projective field of F ; in this case, it is trivial that
Let {E a } a=1,··· ,q be a local orthonormal basic frame in Q such that (∇E a ) x for x ∈ M. From now on, all the computations in this paper will be made in such
where ∇ a = ∇ Ea . Then we have the following lemma.
Lemma 3.1 [5] Let F be a Riemannian foliation of codimension q on a Rie-
where f a = ∇ a f Y .
From (3.7), it is trivial that any transversal homothetic field is a transversal affine field. On the other hand, from (3.4) and (3.7), we have the following.
Lemma 3.2 Let F be the same as in Lemma 3.1. IfȲ ∈V (F ) is a transversal projective field, then we have
It is well-known [9] thatȲ is transversal conformal(resp. transversal Killing) field if and only if B Lemma 3.3 Let F be a Riemannian foliation on a compact Riemannian mani-
IfȲ is transversal homothetic, i.e., div ∇Ȳ is constant, then
Proof. From (3.1) and the transversal divergence theorem, the proof follows. 2
Now, we recall the following relationships among infinitesimal automorphisms on a Riemannian foliation. 
is a transversal Killing field.
Note that on F with a constant transversal scalar curvature σ ∇ , if F admits a transversal conformal fieldȲ with f Y = 0, then σ ∇ is non-negative ( [5] , Corollary 5.6). Equivalently, on F with a negative constant σ ∇ , there is no non-isometric transversal conformal field. Hence we have the following proposition. 
Transversal conformal and projective field on Kähler foliations
Now, we study the infinitesimal automorphisms on Kähler foliations. Let F be a
Kähler foliation of codimension q = 2m on a Riemannian manifold (M, g M ) [10] .
Note that for any X, Y ∈ ΓQ,
defines a basic 2-form Ω, which is closed, where J : Q → Q is an almost complex structure on Q. Then we have
where θ a is a dual form of E a . Moreover, we have the following identities:
for any X, Y ∈ ΓQ. Then we have the following. 
From (4.3), we have
Since q > 1, Remark. On a compact Kähler manifold, any conformal field is always a Killing field, because any affine field is a Killing field [13] . For the foliated manifold, this does not hold because of Proposition 3.3 (2) . In fact, we have the following theorem. 
Proof. LetȲ be a transversal projective field. Let {E a } be a local orthonormal basic frame such that (∇E a ) x = 0 at x ∈ M. Then, from Lemma 3.2, we have
Hence we have
Since q > 2, we have (
From Proposition 4.4, we have the following theorem. 
Then we have the following facts on a harmonic foliation.
Theorem 5.2 [10]
On a harmonic Kähler foliation F on a compact manifold (M, g M ), the followings are equivalent:
Ȳ is a transversal Jacobi field of F , i.e., ∇ *
Next, we study the above relations on a non-harmonic Kähler foliation. In fact,
we have the following theorem. 
Proof. LetȲ be transversally holomorphic, i.e., ∇ J ZȲ = J∇ ZȲ for any Z ∈ ΓQ. Then, by long calculation, we have
From (2.10) and (5.3), we have
Hence (i) and (ii) are proved. Conversely, by direct calculation, we have
E a g Q (∇ EaȲ + J∇ JEaȲ ,Ȳ ).
Now we choose X ∈ ΓQ by g Q (X, Z) = g Q (∇ ZȲ + J∇ JZȲ ,Ȳ ) for any Z ∈ ΓQ.
Then, by the transversal divergence theorem, we have 
